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We study the problem of mixing between core and annular flow in a pipe, examining the effect of
a swirling core flow. Such flows are important across a range of applications, including jet pumps,
combustion chambers and aerospace engineering. Previous studies show that swirl can increase shear
layer growth rates and, in the case of confining walls, reduce flow separation. However, the effect of
swirl on pressure loss in a confined flow is uncertain. To address this, we develop a simplified model
that approximates the axial flow profile as a linear shear layer separating uniform-velocity core and
annular streams. The azimuthal flow profile is approximated as a solid body rotation within the
core region, and a parabolic mixing profile within the shear layer. This model shows good agreement
with computational turbulence modelling, whilst its simplicity and low computational cost make it
ideal for benchmark predictions and design purposes. Using this model, we confirm that a swirling
core is useful for increasing shear layer growth rates, but find that it is detrimental to pressure
recovery. This has important implications for the design of diffusers that incorporate swirling flows.
We use the model to describe the slow recirculation region that can form along the pipe axis for
sufficiently large swirl, by approximating it as a stagnant zone with zero velocity. The criteria for
the development of such a region are established in terms of the pipe expansion angle and inflow
velocity profile.
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2I. INTRODUCTION
There are many industrial applications where swirl is added to jet flows and annular flows to improve performance.
Most commonly, swirl is used in combustion chambers to increase fuel mixing rates and to stabilise the flame [1, 2].
There have also been studies which indicate that swirl can be used to improve plasma jet cutting performance [3], to
increase the efficiency of a jet pump [4], and to reduce flow separation in diffusers [5]. In addition, swirl is present
in a variety of propulsion systems, such as in jet engines and turbomachinery, and plays an important role in the
interaction between aircraft wakes [6]. Our goal in this study is to examine the effect of swirl on mixing of confined
co-axial flows.
Existing experimental studies of unconfined jets have shown that swirl (in the jet) can significantly increase en-
trainment rates and consequently the growth rate of the jet, both for compressible and incompressible fluids [7–9].
Besides other experimental and numerical studies of unconfined jets [9–19], there have also been some that consider
the effect of swirl on annular flows and confined flows.
In the case of annular flows, Lee et al. [2] studied the effect of swirl on the characteristics of an unconfined co-axial
annular flow. In their experiments, both the core flow and the annular flow had swirl components, not necessarily in
the same direction. They showed that if the swirl is sufficiently strong, a stagnation point and recirculation region
can develop inside the core flow. Other studies [20–23] have discussed this recirculation region and relate it to the
phenomenon of vortex breakdown. In the context of combustion chambers, the recirculation region is important
because it has a stabilising effect on the flame. In this region, the flame speed and flow velocity are equalised due to
the relatively low velocity. Both co-swirling and counter-swirling annular flows have been investigated experimentally
[24–28] with the general conclusion that counter-swirl is more stabilising.
In the case of confined flows, there are a number of studies which consider the effect of swirl on the performance
of a diffuser. The experiments of Fox and McDonald [5] showed that by adding a solid body rotation to the inflow of
a diffuser with flow separation, it was possible to reduce separation and increase pressure recovery significantly. By
contrast, for unseparated flows, it was shown that swirl makes little difference to pressure recovery. The numerical
simulations of Hah [29] investigated the effects of a Rankine-type rotation and a solid-body rotation at the inlet of a
diffuser, finding similar results to Fox & McDonald. Hah suggested that swirl reduces flow separation by means of the
centrifugal force, which presses the boundary layer to the pipe wall. Both Fox and McDonald [5] and Hah [29] showed
that performance decreases for large swirl intensities, and attribute this behaviour to the formation of a recirculation
region when the swirl number is large. So [30] studied the recirculation region inside a conical diffuser in detail and
presented a simple model based on integral equations of mass, axial momentum, angular momentum, and moment
of axial momentum. However, there was a significant discrepancy between the model predictions and experimental
results, which was attributed to the assumption of constant viscosity. The experiments of Nayeri [23] studied a shear
layer between confined swirling co-axial flows. Both co-swirling and counter-swirling flows were investigated and it
was found that, in both cases, the shear layer growth rates were larger than in the absence of swirl, though the
counter-rotating case had the largest growth rates overall. The formation of a recirculation region was not studied.
Nor was the effect of different pipe geometries.
In this study we present a simple model for confined co-axial flow with a swirling core, and we use the model to
investigate the effect of swirl on the flow characteristics in a variety of pipe geometries. We study the effect of a
swirling core on the pressure recovery in a diffuser, which is not addressed in the literature. In particular, we show
that whilst a swirling core is useful for increasing shear layer growth rates and mixing the flows over a shorter length
scale, it is detrimental to pressure recovery. We confirm that under certain flow conditions, a recirculation region can
form along the pipe axis, and we use our model to characterise the onset and size of this region in terms of the inflow
conditions and the pipe expansion angle.
The model is based on a previous model for non-swirling shear layers [31], and uses a similar approach to So [30],
where the governing equations are integral equations of mass, axial momentum and angular momentum.
The model is described in Section II, and compared to computational turbulence modelling in Section III. In Section
IV we use the model to address the question of how swirl affects mixing and pressure loss in diffusers of different
shapes, and we close with a summary in Section V.
II. MATHEMATICAL MODEL
In this section we describe the flow scenario we consider and present a simple model, which is an extension of the
model presented by Benham et al. [31] for the case of no swirl. The model in that study considers an inflow composed
of inner and outer streams of different speeds, with a velocity jump between them that evolves into a shear layer
downstream. The model presented here addresses the same inflow profile for an axisymmetric pipe but with the inner
(core) stream rotating. This is achieved by introducing an angular velocity component which is governed by equations
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FIG. 1: Schematic diagram of our simple model for a swirling slower central flow mixing with a non-swirling faster
outer flow, showing axial profiles of axial velocity ux, azimuthal velocity uθ and pressure p. We indicate the position
of the shear layer with red dashed lines. The aspect ratios of the diagrams are exaggerated for illustration purposes.
derived from integrating conservation of angular momentum. Furthermore, we account for radial pressure gradients
induced by the swirl as a consequence of the conservation of radial momentum. The shear layer growth equation is
modified to account for the additional effect of the azimuthal shear stress induced by the swirl.
We also present an extended version of the model which addresses the development of a turbulent boundary layer
near the pipe wall, and a turbulent symmetry layer near the pipe axis. This extended model is discussed later in this
section and in the Supplemental Materials [32].
The flow scenario is shown in Figure 1, in which we illustrate our coordinate system (x, r). We consider time-
averaged axisymmetric flow in a long thin cylindrical pipe 0 < r < h(x), where the rate of change of the pipe radius
is small. The inflow is composed of a core swirling flow, with axial velocity U2(0) and solid body rotation at angular
velocity Ω(0), and an annular non-swirling flow with axial velocity U1(0). A shear layer forms between the flows and
grows downstream, as illustrated by red dashed lines in Figure 1. Throughout this study, we restrict our attention
to the case where the axial velocity of the core flow is smaller than that of the annular flow U2 < U1. The opposite
case is prone to asymmetric instabilities, such as the Coanda effect [33], which are not included in our model. The
flow scenario in this study is motivated by a hydropower application, in which the core swirling flow emerges from a
turbine, and it is desired to mix this flow with the annular flow with minimal pressure loss.
We approximate the axial flow profile ux by decomposing it into two uniform-velocity plug regions separated by
a shear layer in which the velocity varies linearly between U1(x) and U2(x). Therefore, the axial velocity profile is
approximated by
ux(x, r) =

U2 : 0 < r < h2,
U2 + εr (r − h2) : h2 < r < h− h1,
U1 : h− h1 < r < h,
(1)
where h1(x) and h2(x) are the widths of the plug regions, δ = h − h1 − h2 is the width of the shear layer, and
εr = (U1 − U2)/δ is the shear rate.
Similarly to the axial velocity, we approximate the azimuthal velocity profile by decomposing it into a core swirling
region and an annular region with no swirl separated by an azimuthal shear layer in which the azimuthal velocity
varies quadratically (motivated by CFD calculations which are discussed later). The approximate azimuthal velocity
profile is taken to be
uθ(x, r) =

Ωr : 0 < r < h2,
(h− h1 − r)(h2Ωδ + κ(h2 − r)) : h2 < r < h− h1,
0 : h− h1 < r < h,
(2)
where Ω(x) is the angular velocity in the core region, and κ(x) is the curvature of the velocity profile within the shear
layer. From boundary layer theory [34], conservation of radial momentum indicates that radial pressure gradients
must balance the centrifugal force from the swirling flow
∂p
∂r
= ρ
u2θ
r
, (3)
4where ρ is the density, which is assumed to be constant. Therefore, from (2) and (3), the approximate pressure profile
is
p(x, r) =

p2 + P : 0 < r < h2,
p1 + P : h2 < r < h− h1,
P : h− h1 < r < h,
(4)
where p1(x, r) and p2(x, r) are lengthy functions (which are given in the Supplemental Materials [32]) found by
integrating (3) using the approximation (2), and P (x) is the pressure in the non-swirling region of flow. Note that
p(x, r) is both continuous and once differentiable with respect to r.
To model the growth of the shear layer, we modify the model of Benham et al. [31] to account for the additional
effect of azimuthal shear. Thus, we assume that the shear rate εr decays according to
U1 + U2
2
dεr
dx
= −Scε2r
|u1 − u2|
U1 − U2 , (5)
where u1 = (U1, 0) and u2 = (U2,Ωh2) are the velocities at either side of the layer, and Sc is an empirical spreading
parameter which has been recorded to take values Sc = 0.11 − 0.18 [35]. Equation (5) can be derived from an
entrainment argument using a quasi-two-dimensional analogy, which is detailed in the Supplemental Materials [32].
By invoking conservation of mass, axial momentum and angular momentum, we can derive equations describing
how U1, U2, h1, h2, κ and P evolve. Integrated across the pipe radius, conservation of mass and momentum equations
are
d
dx
∫ h
0
rux dr = 0, (6)
ρ
d
dx
∫ h
0
ru2x dr +
∫ h
0
r
∂p
∂x
dr = hτwr , (7)
ρ
d
dx
∫ h
0
r2uθux dr = 0, (8)
where τwr is the shear stress in the axial direction at the wall. We assume that the effect of shear stress in the
azimuthal direction at the wall is small, so we do not include any stress terms on the right hand side of (8) (though
we revise this assumption in our extended model). Here, we parameterise the effect of the wall stress in the axial
direction using an empirical friction factor f , such that
τwr = −
1
8
fρU21 . (9)
By choosing a parabolic profile for the azimuthal velocity (2) (instead of a linear profile), there is an additional
degree of freedom Ω(x) which is not determined by (8). This is accounted for by imposing conservation of angular
momentum within the core region
ρ
d
dx
∫ h2
0
r2uθux dr = ρΩh
2
2
d
dx
∫ h2
0
rux dr. (10)
We provide a derivation of (10), as well as (6) - (8), from the turbulent boundary layer equations in the Supplemental
Materials [32].
Finally, we neglect energy dissipation within the plug regions, since it is small compared with that near the walls
and in the shear layer. Therefore, we impose Bernoulli’s equation along streamlines in the annular plug region, and
for the core region, since pressure varies radially, we only impose Bernoulli’s equation along the central non-swirling
streamline, such that
d
dx
(
P +
1
2
ρU21
)
= 0, or h1 = 0, (11)
d
dx
(
P + p2(x, 0) +
1
2
ρU22
)
= 0, or h2 = 0, or U2 = 0, (12)
where we ignore radial velocity components since they are small. Equations (11) and (12) are written in this form so
that if either plug region is entrained by the shear layer (h1 = 0 or h2 = 0), or if the core region slows to zero velocity
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FIG. 2: Schematic diagram of a region of stagnation within a pipe. If the swirl in the core region is sufficiently
strong, the flow is sufficiently non-uniform, or if the pipe expansion angle is sufficiently large, the slower core flow
can reach zero axial velocity. The aspect ratio here is exaggerated for illustration purposes.
(U2 = 0), then the respective Bernoulli’s equation no longer holds downstream of that point. The latter modelling
assumption is based on the observation that if the swirl intensity in the core region is sufficiently large, a slow-moving
recirculation region can form along the pipe axis, as shown by Lee et al. [2]. A similar recirculation region has been
observed for non-swirling flows if the flow is very non-uniform, or if the pipe expansion angle is too large [35]. In our
model, we do not attempt to resolve the recirculation within such a region, but approximate it as a stagnant zone
with zero axial velocity U2 = 0 (see Figure 2). Later, in Section III, we show that this approximation shows good
agreement with CFD calculations.
To summarise, our model describes the development of the axial velocity ux(x, r), given by (1), the azimuthal
velocity uθ(x, r), given by (2), and the pressure p(x, r), given by (4), in a cylindrical pipe. Equations (5)-(12) govern
the variables U1, U2, Ω, P, δ, h1, h2, εr and κ, which are all functions of x. We can solve these equations given initial
data at x = 0, numerical values for f and Sc, and a pipe shape h(x). For all of the examples we consider here, the
shear layer forms at x = 0, such that initial conditions for δ and εr are taken as δ(0) = 0 and εr(0) =∞ (in practice,
we solve for the reciprocal of the shear rate which satisfies 1/εr(0) = 0). Furthermore, pressure is measured with
respect to the reference pressure in the annular region at the origin P (0) = 0, without loss of generality. All other
initial conditions form a set of parameters which are displayed in Table I, where we write all dimensional parameters
in terms of the velocity and length scalings U0 = U1(0) and h0 = h(0). There is an additional parameter not displayed
in Table I, which is the non-dimensional swirl number [7] of the core region, Sw. This is defined as the ratio of angular
momentum to axial momentum (multiplied by the radius), measured at the inlet, and is given by
Sw =
ρ
∫ h2
0
r2uθux dr
h2
∫ h2
0
r (ρu2x + (p− p|r=h2)) dr
∣∣∣∣∣
x=0
=
2h2(0)Ω(0)U2(0)
4U2(0)2 − h2(0)2Ω(0)2 . (13)
Our primary interest is understanding the effect of this swirl number on the flow development, which is discussed in
Section IV.
We note that (13) is only well-defined for relatively small amounts of swirl Ω(0) < 2U2(0)/h2(0). We also note that
(13) depends on Ω(0) differently, depending on the choice of reference pressure. Here, we have taken the reference
pressure as p|r=h2 = P (0) = 0, which is consistent with Gilchrist and Naughton [8].
As described earlier, we have also developed an extended version of this model, which accounts for the development
of a turbulent boundary layer near the pipe wall and a turbulent symmetry layer near the pipe axis (see Figure 3).
Here we briefly summarise the extended model, whilst the complete details are given in the Supplemental Materials
[32]. For the turbulent boundary layer, following Schlichting et al. [34], we introduce a 1/7 power law for the axial
velocity profile within a region of width hb near the pipe wall. This velocity profile satisfies the no-slip boundary
condition at the wall and matches with the annular plug velocity, U1, at the edge of the boundary layer. The width of
the layer, hb(x), grows according to an equation that derives from integrating conservation of axial momentum over
the boundary layer. The azimuthal velocity profile is given by a similar power law, satisfying the no-slip condition at
the wall and matching with the azimuthal velocity at the edge of the boundary layer, which we denote Uθ(x). The
velocity Uθ is assumed to be 0 until the shear layer reaches the edge of the boundary layer (h1 = 0), at which point
the swirling flow comes into contact with the boundary layer. In such situations, Uθ is determined by an equation
which derives from conservation of angular momentum within the boundary layer.
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FIG. 3: Schematic diagram illustrating the boundary layer structure of the extended model, which includes a
turbulent boundary layer near the pipe wall and a turbulent symmetry layer near the pipe axis. Axial velocity
profiles ux are illustrated at three locations.
U2(0)/U0 Velocity ratio
h2(0)/h0 Plug width ratio
h(L)/h0 Expansion ratio
L/h0 Length ratio
Sw Swirl number
Sc Spreading parameter
f Friction factor
TABLE I: List of the non-dimensional parameters of the problem. We make use of the shorthand h0 = h(0) and
U0 = U1(0). The swirl number Sw is given by Equation (13).
In addition to the boundary layer at the wall, we also introduce a symmetry layer near the pipe axis. The symmetry
layer arises in situations where the shear layer entrains the slower plug region, such that h2 = 0, and the axial velocity
profile (1) ceases to satisfy the symmetry condition ∂ux/∂r = 0 at r = 0. In this case, we introduce a symmetry
layer of width h0 near the pipe axis, which has a quadratic axial velocity profile that satisfies the symmetry condition
at r = 0, whilst matching with the velocity at the edge of the shear layer U2. The width of this layer, h0(x),
grows according to an equation that derives from conservation of axial momentum. In summary, the extended model
introduces two boundary layers, three extra variables, hb, Uθ and h0, and three equations which govern these new
variables. In the next section, we compare results from both the simple model and the extended model to results
from several RANS turbulence models.
III. COMPARISON WITH RANS TURBULENCE MODELS
In this section we compare results from our simple model and our extended model with those from several steady
RANS turbulence models, using the open-source software package OpenFoam [36]. We use a k- model [37], which
is probably the most widely used turbulence model, as well as two higher order Reynolds stress turbulence models,
which are the LRR model [38] and the SSG model [39]. It is reported that these higher order models, which model
all components of the Reynolds stresses, can accurately describe swirling flows, whereas two-equation models, such as
the k- model, often fail to do so [40]. As examples for our comparison, we first present comparisons of velocity and
pressure profiles for co-axial flow in a straight pipe at swirl number Sw = 0.67. Then we compare predictions of the
recirculation region that forms along the axis of an expanding pipe at the same swirl number. Finally, we compare
pressure recovery Cp and the outlet kinetic energy flux profile factor K(L) over a range of swirl numbers.
As an example geometry for our first comparison, we choose a straight axisymmetric pipe with non-dimensional
length L/h0 = 20. The computations are performed using an axisymmetric geometry formed of 30000 cells, with
300 elements in the x direction and 100 elements in the r direction. A convergence check was performed and it
was found that this mesh resolution was sufficient for capturing the details of the flow. The inflow velocity ratio is
U2(0)/U0 = 0.5, the inflow core region radius is given by h2(0) = h1(0) = h0/2, and the swirl number is Sw = 0.67.
We use the free-stream boundary conditions for the turbulence variables at the inlet, which are k = I2 × 3/2|u|2 and
 = 0.09k3/2`, with turbulence intensity I = 5% and mixing length ` = 0.1h0. All of the turbulence parameters in
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FIG. 4: Comparison of our simple swirl model and our extended model with several RANS models for a swirling
slower central flow (Sw = 0.67, U2(0)/U0 = 0.5) mixing with a non-swirling faster outer flow in a straight pipe.
Axial profiles are shown at evenly spaced locations for the axial velocity ux, azimuthal velocity uθ and pressure p.
the RANS models are taken as their standard values, which are given by Launder and Spalding [37], Launder et al.
[38], Speziale et al. [39].
If we take typical length and velocity scales as h0 and U0, and we consider the viscosity of water ν = 10
−6 m2/s,
then the Reynolds number for the inlet flow is Re = 106. For comparison with our simple model and our extended
model, we estimate the friction factor with the Blasius relationship [41, 42] for flow in smooth pipes f = 0.316Re−1/4,
giving a value of f = 0.01. For the spreading parameter Sc, we find that Sc = 0.13 gives the best agreement, which
falls within the range of reported values [35]. In the Supplemental Materials [32] we also compare our model to other
geometries and at different swirl numbers, and we find that Sc = 0.13 is consistently an appropriate value for a good
fit.
In Figure 4 we compare profiles of axial velocity ux, azimuthal velocity uθ and pressure p at evenly spaced locations
along the pipe. The comparison shows that there is good agreement between the RANS models and both our simple
model and our extended model, though the extended model has better agreement overall. The mean relative errors
between our simple model and the k-, LRR and SSG models are 6.0%, 7.9% and 5.9%, compared to 5.0%, 5.2%
and 4.0% for the extended model. The k- model appears to slightly under-predict the growth rate of the shear layer
and the development of the swirl profile (compared to the higher order models). For both the simple model and the
extended model, the width of the shear layer, the maximum and minimum velocities and the parabolic swirl profile
(and consequently the pressure) in the shear layer match closely to the RANS models, especially the SSG model.
Since our simple model does not explicitly resolve the development of boundary layers, the comparison is less close
near the pipe walls. However, pressure variations in the axial direction, which are controlled by f , agree well (see
Figure 4), indicating that the effect of the boundary layers is captured by the simple model using the friction factor
parameterisation. Furthermore, we can see that the comparison is also less close downstream, near r = 0, since the
simple model does not satisfy the symmetry condition, ∂ux/∂r = 0 at r = 0, when the shear layer comes into contact
with the pipe axis. In the case of the extended model, the development of the turbulent boundary layer, which is
shown by a purple dotted line, matches closely with all the RANS models, as does the development of the turbulent
symmetry layer, which is shown by a green dash-dotted line.
The extended model has roughly the same computational cost as the original swirl model, though it contains more
variables and equations, and it is perhaps more difficult to implement. Therefore, the original model serves as a
convenient tool for benchmark predictions, whilst the extended model is appropriate for more detailed and accurate
calculations of flow development, which take longer to implement.
Next, we compare predictions of the stagnation region which can form along the pipe axis. In Figure 5 an example of
a stagnation region is shown for an expanding pipe with expansion angle 1.4◦ and non-dimensional length L/h0 = 20.
The swirl number is Sw = 0.67 and the inlet profile is given by U2(0)/U0 = 0.5, h1(0) = h2(0) = h0/2. Velocity
8(a) Simple model (b) SSG model
(c) (d)
FIG. 5: Comparison of the stagnation region in an expanding pipe with expansion angle 1.4◦, displaying velocity
colour plots and streamlines, calculated using our simple model and an SSG model. The swirl number is Sw = 0.67
and the inlet profile is given by U2(0)/U0 = 0.5, h1(0) = h2(0) = h0/2.
colour plots and streamlines are displayed for both the simple model and the SSG model, where in the case of the
streamlines, the radial velocity of our simple model is calculated from the axial velocity,
ur = −1
r
∫ r
0
r
∂ux
∂x
dr. (14)
The size and position of the stagnation region show close agreement, indicating that the simple model has good
predictive capabilities. Various studies [20–23] relate this region to the phenomenon of vortex breakdown. In our
model, it can be explained by Equations (3), (5) and (12). Due to (3), larger amounts of swirl induce a lower pressure
along the pipe axis r = 0. As the shear layer spreads out due to (5), the azimuthal velocity profile (2) flattens, causing
a rise in pressure along the pipe axis. Hence, from Bernoulli’s equation (12), this rise in the pressure causes the speed
of the core region to drop. If the effect is sufficiently pronounced then the core region will stagnate completely.
As a final comparison between our simple model and CFD calculations, we make use of two commonly used measures
of flow performance: the pressure recovery coefficient Cp and the kinetic energy flux profile factor K [43]. The pressure
recovery coefficient Cp is a measure of the amount of kinetic energy in a flow which is converted into static pressure.
There are various ways to define Cp, but we use the so-called mass-averaged pressure recovery [44], which is defined
as
Cp =
∫ h
0
ruxp dr|x=L −
∫ h
0
ruxp dr|x=0∫ h
0
1
2ρrux|u|2 dr|x=0
, (15)
and takes values between −∞ and 1, where Cp = 1 if all the inlet kinetic energy is converted into static pressure.
The kinetic energy flux profile factor K(x) is a measure of how non-uniform the axial velocity profile of a flow is, at
a given position x, defined as
K(x) =
2
h2
∫ h
0
ru3x dr(
2
h2
∫ h
0
rux dr
)3 , (16)
and takes values between 1 and ∞, where K = 1 corresponds to uniform flow.
For the straight pipe in Figure 4 we compare calculations of both Cp and K (measured at x = 0, L/5 and L) using
our simple swirl model and the RANS models for values of the swirl number between Sw = 0 and Sw = 1.71. The
results are plotted in Figure 6. Overall, there is good agreement, and both models show that increased swirl has
the effect of reducing pressure recovery, whilst making the flow more non-uniform in the near-field (at x = L/5),
and then more uniform downstream (at x = L). Large swirl makes the flow more non-uniform in the near-field due
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FIG. 6: Comparison of the pressure recovery coefficient Cp and the kinetic energy flux profile factor K calculated
using both our simple model and several RANS models, where we vary the swirl number Sw. The kinetic energy flux
profile factor is measured at x = 0, L/5 and L. In these calculations, we consider the same flow geometry as in
Figure 4.
to its distorting effect on the velocity profile [30]. However, it makes the flow more uniform downstream due to
increased shear layer growth rates [8] and an overall enhanced mixing effect. These conclusions can be interpreted in
the following way: Whilst swirl may produce a more uniform outflow, it distorts the flow in the near-field, resulting
in greater energy dissipation, which manifests in a loss of pressure.
In the Supplemental Materials [32] we also compare our model to some experimental data from other studies of an
unconfined swirling jet, finding good agreement. This and all of the previous comparisons give us confidence that our
simple model has good predictive capabilities, whilst being computationally cheap (e.g. using finite differences with
500 discretisation points, computation time is of the order of 1 s on a laptop computer). Therefore it is useful for
examining the effect of swirl in a wide range of flow situations and exploring design spaces.
IV. MODEL PREDICTIONS
In this section we use our simple model to analyse the effect of swirl on different flow situations. First, we look
at the effect on the behaviour of the shear layer, determining the distance downstream at which the shear layer has
reached across the entire pipe (this information is important for problems involving momentum transfer). Secondly,
we establish which swirl numbers and pipe geometries result in a stagnation region forming along the pipe axis.
Finally, we use our simple model to optimise the shape of a pipe for different swirl numbers, using both Cp and K(L)
as design objectives.
A. Shear layer behaviour
One useful way to characterise the shear layer behaviour is by looking at the growth rate. However, since shear
layer growth rates are not constant, this requires choosing a length scale over which one can take an average of the
growth rate. The choice of this length scale is slightly arbitrary and will have a significant effect on growth rate
measurements [8]. In situations where the flow is confined, there is a more natural way to measure the shear layer
growth rate, which is the distance it takes for the shear layer to reach across the pipe. Since the shear layer has
an inner and an outer edge, which are not necessarily symmetric, it is useful to consider where each of these edges
reaches their respective boundaries. Thus, the outer edge of the shear layer must reach the pipe wall r = h at some
distance x = L1, whereas the inner edge of the shear layer reaches the pipe axis r = 0 at x = L2 (see Figure 7 (a)).
In Figure 7 we display colour plots of non-dimensional axial velocity ux/U0, and plots of the pressure recovery
coefficient Cp, in both a straight pipe and a widening pipe (with expansion angle 1.4
◦), for different values of the swirl
number. For this example we choose a pipe with non-dimensional length L/h0 = 20 and an inflow which is defined
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FIG. 7: The effect of increasing the swirl number Sw between 0.27 and 1.71 on the axial velocity ux in the case of a
straight pipe (a, c, e, g) and a widening pipe (b, d, f, h). The position of the shear layer is indicated in dashed black
lines. Pressure recovery Cp, given by (15), is plotted as a function of x/h0 for each case. The distances, L1 and L2,
at which the annular and core regions are entrained by the shear layer, respectively, are illustrated in (a). The inlet
profile is given by U2(0)/U0 = 0.5, h1(0) = h2(0) = h0/2.
by U2(0)/U0 = 0.5 and h1(0) = h2(0) = h0/2. By observation, it is apparent that the shear layer growth rate dδ/dx
varies with x, and increases on average with the swirl number.
The corresponding values of L1 and L2 are plotted in Figure 8 (a). We can clearly see that for both the straight
pipe and the widening pipe, L1 and L2 decrease as the swirl number increases, confirming that shear layer growth
rates are enhanced by swirl. We can also see that the values of L1 and L2 are smaller for the widening case, indicating
that pipe expansion is another mechanism for enhanced shear layer growth rates.
B. Stagnation region
As is discussed by Lee et al. [2], flows with large swirl numbers have the tendency to form a region of slowly moving
recirculation. Here, we use our simple model to characterise the onset and size of this region by approximating it as
a stagnant zone with zero velocity, as described earlier.
In the examples in Figure 7 we can see a stagnation region forming for swirl number Sw = 1.71 in the straight
pipe case, and for all displayed values of Sw in the widening pipe case. In each case where the stagnation region
forms, it then closes again some distance downstream. The results from our simple model indicate that the size of
the stagnation region increases with Sw. Furthermore, it is evident that expanding pipes are more susceptible to
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FIG. 8: Effect of swirl on flow development properties. (a) L1/h0 and L2/h0 are the non-dimensional distances
downstream at which the slower core and faster annular regions are completely entrained by the shear layer (see
Figure 7 (a)). The inflow for this example is defined by U2(0)/U0 = 0.5 and h1(0) = h2(0) = h0/2. (b) The
minimum diffuser angle αcrit at which flow in a pipe with linearly expanding walls stagnates, for different values of
the inlet velocity ratio U2(0)/U0 and swirl number Sw. The non-dimensional distance downstream at which
stagnation first occurs Lcrit/h0 is indicated by the colour bar (which is saturated above Lcrit/h0 > 10).
stagnation than straight pipes. In the plots of pressure recovery Cp, we see a significant dip in pressure recovery
where the flow stagnates. This is due to the fact that as the flow stagnates, the axial velocity profile becomes very
non-uniform, resulting in an increase in kinetic energy flux. Therefore, Cp, which is a measure of how much inflow
kinetic energy is converted to static pressure, must decrease [43].
In Figure 8 we display a plot indicating the criteria for flow stagnation in a pipe of constant expansion angle, for
different values of the swirl number. On the x-axis we vary the inlet velocity ratio U2(0)/U0, whilst on the y-axis
we plot the expansion angle αcrit above which stagnation occurs. In each case the radius of the core region is such
that h1(0) = h2(0) = h0/2. Regions of the parameter space where a stagnation region appears are indicated by
dashed lines. Furthermore, the non-dimensional distance downstream at which the stagnation region forms, which
we denote Lcrit/h0, is indicated by the colour of the data points that demarcate the boundary between stagnation
and no-stagnation. We can see that the flow is less susceptible to stagnation for velocity ratios closer to 1, since the
critical expansion angle αcrit for which stagnation occurs is larger, and the critical distance Lcrit/h0 is also larger.
The effect of increasing the swirl number is interesting and possibly counter-intuitive. For velocity ratios less than
around U2(0)/U0 ≈ 0.7, increasing Sw causes a reduction in the critical expansion angle, thereby increasing the range
of parameter values for which stagnation occurs. This is expected and consistent with the findings of Lee et al. [2].
However, an unexpected result is that for velocity ratios close to 1, increasing Sw reduces the range of parameter
values for which stagnation occurs.
C. Diffuser shape optimisation
As a final investigation, we consider a shape optimisation problem in the presence of swirl. In order to illustrate
the different effects of swirl, we consider optimising both Cp and K(L). Benham et al. [35] used a similar approach
to maximise pressure recovery in a flow diffuser (in the absence of swirl) by manipulating the pipe shape. In that
study, a low-dimensional parameterisation of the shape is proposed, which consists of piecewise linear sections. Here,
we make use of the same parameterisation, such that the pipe shape takes the form
h(x) =

h0 : 0 < x < x1,
h0 + tanα (x− x1) : x1 < x < x2,
hL : x2 < x < L,
(17)
where x1, x2 are the shape division points, L is the diffuser length, h0, hL are the inlet and outlet radii, and
α = arctan((hL−h0)/(x2−x1)) is the expansion angle (see Figure 9 (a)). We consider h0, hL, and L fixed, whilst we
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FIG. 9: (a, b, d, e) Contour plots of pressure recovery coefficient Cp for all permissible values of x1 and x2, a
low-dimensional parameterisation of a diffuser shape which is divided into two straight sections separated by a
widening section. Four different swirl number values are used and each contour plot has the same colour scale.
Optimal shapes are indicated with a black asterisk. The optimum Cp values for these and other swirl numbers are
displayed in (c). A similar analysis is performed for the outlet kinetic energy flux profile factor K(L) and the
optimum values are displayed in (f). In all cases the inlet profile is given by U2(0)/U0 = 0.5, h1(0) = h2(0) = h0/2.
consider x1 and x2 as decision variables. For this class of shapes, we use our model to calculate both Cp and K(L) for
all possible values of x1 and x2. The question of interest here is to what extent the addition of swirl to the inlet flow
is beneficial for achieving mixing and pressure recovery within such a diffuser. In each case, we choose a pipe which
has non-dimensional length L/h0 = 30 and expansion ratio hL/h0 = 1.5. The inflow is defined by U2(0)/U0 = 0.5
and h1(0) = h2(0) = h0/2. We exclude values of x1 and x2 which produce a pipe shape with an expansion angle
larger than 3.5◦ because it is expected that boundary layer separation can occur in such situations [43], which is not
captured by our model. Hence, the plots are only shown in a triangular region.
In Figure 9 we display contour plots of pressure recovery Cp as a function of x1 and x2, for different values of the
swirl number Sw = 0, 0.27, 0.67, 1.71. For each value of Sw, we illustrate the optimum point with a black asterisk,
and in Table II we display a table of the optimum points. As swirl increases, the optimum point changes slightly,
with x1 increasing and x2 decreasing. This indicates that diffusers with swirling core flows should be designed with
a longer initial straight section and a shorter expanding section (with a wider expansion angle) than for non-swirling
flows. However, the value of Cp at the optimum point decreases with Sw, suggesting that a swirling core is always
detrimental to pressure recovery, which is consistent with the results from Figure 6 (a). We have also calculated Cp
for other values of Sw and the maximum value indeed occurs at Sw = 0 (see Figure 9 (c)). These results can be
explained by the fact that swirl creates a more non-uniform flow in the near-field, as seen in Figure 6 (b). Therefore,
swirling flows require a longer initial straight section to allow the flow to become more uniform before expanding, but
the large drag due to this narrow section results in poor performance.
Therefore, whilst swirl may improve pressure recovery when the flow is uniform, by reducing boundary layer
separation [5, 29], it has the opposite effect on diffuser performance for non-uniform flow. It should be noted that our
simple model does not account for boundary layer separation and, therefore, it cannot capture the positive effect of
swirl on diffuser performance that is reported in the literature. However, since we restrict our attention to diffusers
with small expansion angles, α < 3.5◦, there is little risk of boundary layer separation [43].
Similarly, we have calculated K(L) as a function of x1 and x2 for different values of Sw. We do not show the
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Sw x1 x2 Cp x1 x2 K(L)
0 1.8367 19.5918 0.6724 0 8.5714 1.0214
0.27 3.0612 18.3673 0.6658 0 8.5714 1.0210
0.67 4.2857 16.5306 0.6473 0 8.5714 1.0203
1.71 4.2857 15.3061 0.6158 0 8.5714 1.0193
TABLE II: List of optimum shape configurations for different swirl numbers. The left hand table corresponds to the
maximisation of the pressure recovery Cp, whereas the right hand table corresponds to the minimisation of the
outlet kinetic energy flux profile factor K(L).
corresponding contour plots here, but we display the minimum value of K(L) for each value of Sw in Figure 9 (f), and
a table of the optimum points in Table II. We find that the optimum shape is independent of swirl, having no initial
straight section (x1 = 0) and a very short widening section (with a large expansion angle). However, as Sw increases
the minimum value of K(L) decreases, indicating that swirl enables the optimal shape to produce a more uniform
outflow, which is consistent with the results from Figure 6 (b). We can conclude from these results that, whilst swirl
makes the outflow more uniform, it produces greater pressure losses in doing so.
V. SUMMARY AND CONCLUDING REMARKS
We have developed a simple model for confined co-axial flow with a core swirling region, which shows good agreement
with CFD, whilst being computationally cheap. The model depends on two parameters, the friction factor f , which
is well approximated with the Blasius relationship [41, 42], and the spreading parameter Sc, which is fitted to CFD
calculations, giving a value Sc = 0.13 which is within the range of reported values [31].
The model is useful for predicting essential aspects of the flow behaviour, such as the shear layer growth and
pressure recovery. We use this model to characterise the criteria for which a recirculation region appears along the
pipe axis, and at what distance downstream. We show that, whilst adding swirl to the core region is a good mechanism
for increasing shear layer growth rates, it also increases pressure losses. Therefore, we conclude that a swirling core
is advantageous for situations where mixing the flow over a short length scale is important, such as in combustion
chambers, whereas it is disadvantageous for situations where pressure recovery is important, such as in flow diffusers.
The low computational cost of the model makes it ideal for design purposes, and we illustrate this by using the model
to optimise the shape of a diffuser for different values of the swirl number.
We show that an extended version of the model, which includes a boundary layer at the pipe wall and a symmetry
layer at the pipe axis, shows even better agreement with CFD calculations than the simple model. Whilst unnecessary
for the conclusions made using the simple model, the extended model provides more detailed and realistic flow
predictions.
For future work, the effect of different swirl distributions for the core flow, such as a q vortex [8], could be investi-
gated. Furthermore, this work could be extended to situations in which the outer annular flow is also rotating, not
necessarily in the same direction as the core flow.
This publication is based on work supported by the EPSRC Centre for Doctoral Training in Industrially Focused
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